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Abstract 

Let M be a factor of type III with separable predual and with normal 
states (pi, . . . , ipk, u with u faithful. Let A be a finite dimensional C*- 
subalgebra of M. Then it is shown that there is a unitary operator u 6 M 
such that tpi o Adit = uj on A for i = 1, . . . ,k. We also have a similar 
result for a factor of type Hi. 



1 Introduction 

Let M be a factor of type III with separable predual. Then two nonzero pro- 
jections e and / in M are equivalent, i.e., there exists a partial isometry v G M 
such that v*v = e, vv* = f. If furthermore e and / are different from the 
identity operator 1, then there is a unitary operator u € M such that u*eu = f . 
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This shows that there is an abundance of unitaries in M, so one might expect 
stronger results arising from these unitaries. That is what is done in the present 
paper. We show that if ip and ui are faithful normal states in M and A C M 
is a finite dimensional C* -algebra, then there exists a unitary operator u £ M 
such that the restrictions tp o Adu\A and uj\a are equal, where Adu is the in- 
ner automorphism x u*xu of M, (See Corollary 12.21 for a more precise and 
general statement.) This result is then applied to obtain a similar result for the 
compact operator on a separable Hilbert space. 

If M is not of type III, the corresponding result is false in general, but if M 
is a factor of Hi and u> — t is the trace and A = M„(C), the matrix algebra of 
complex n x n-matrices, then the corresponding result holds for u) = r and any 
tp. This will be shown in Section [3] 

There exist results of a similar nature to the ones above in the literature. 
In [CSj . it has been shown that if M is of type IIIi and s > then there is a 
unitary operator u £ M with 

\\cp o Adu — < e. 

If one takes a pointwise weak limit point of the automorphisms of the form 
Adu in the above, then one finds a completely positive unital map tt : M — > M 

With tp O 7T = UJ. 

In the non-separable case, it has recently been shown by Ando and Haagerup 
that for some factors of type IIIi constructed as ultraproducts, all faithful nor- 
mal states are unitarily equivalent |AH) . 

In the C*-algebra case it has been shown in [KOSj that if ip and lu are 
pure states of a separable C*-algebra A with the same kernel for their GNS- 
representations, then there is an asymptotically inner automorphism a of A 
such that ip o a = u. 

Our result gives an exact equality of two states, not an approximate one, 
but only on a finite dimensional C*-subalgebra A. 

2 Factors of type III 

In this section we state and prove our main result and then apply it to its 
extension to the compact operators on a separable Hilbert space. 

Theorem 2.1 Let M be a type III factor with separable predual, and ipi, . . . , <p>k 
normal states on M . Let A be a finite dimensional C* -algebra and p a faithful 
state on A. Then there exists a unital injective homomorphism tt : A — > M with 

Pi O 7T = p, i=l,...,k. 

After proving this theorem, we will prove that it implies the following corol- 
lary. 

Corollary 2.2 Let M be a factor of type III with separable predual. Let A be a 
finite dimensional C* -subalgebra of M . Let (pi, . . . , tpk and uj be normal states 



2 



on M and assume that u) is faithful. Then there exists a unitary operator u G M 
such that 

ifi o Adtt|A = u\a, i = l,.-.,k. 

Before starting preliminaries of our proof of Theorem 12. 11 we give an outline 
of our method for the case A = Md(C). 

After diagonalizing the density matrix of p, what we have to find is a system 
of matrix units {e^} in AI for which we have <p n (eij) = 5{j\i for all n = 1, . . . , k 
and i,j = 1, . . . ,d, where A^'s are eignevalues of the density matrix of p. We 
first choose e^'s satisfying this condition. Then we choose ei2, ei3, . . . , e\d in- 
ductively so that we have various identities saying that the values of certain 
linear functionals applied to a certain partial isometry are all zero at each in- 
duction step. This is done by the repeated use of Lemma 12.51 by which we can 
choose a partial isometry and replace it at each induction step. 

The following proposition is used repeatedly in our analysis. 

Proposition 2.3 Let M be a a -finite diffuse von Neumann algebra, tpi, . . . , (pk 
be positive normal linear functionals on M, and tf>i, . . . ,tf>i be a -weakly con- 
tinuous linear functionals on M with ipj(l) = for all j = 1, Then 
there exists a strongly continuous increasing map p : [0, 1] — > Proj M satisfying 
po = 0,pi = 1 and 

(fi(p t ) = t(pi(l), i = l,...,k, 

fl>j(pt) = 0, j = i,...,i 

Before the proof of the Proposition 12. 31 we recall the following basic fact. 

Lemma 2.4 Let M be a von Neumann algebra and ipi, i = 0, . . . , m be positive 
normal linear functionals on M. Assume that ipo is faithful. Let {pi,j}j—i t ...2h 
I G N, be a family of projections in M such that 

2' 

Pl.j =Pl + 1.2j-l +Pl+l,2j, /,Pl,j = 

i=i 

and 

<Pi(pi,j) = Tjjfii 1 )' 3 = l ,---,2 l , « = 0, ...,m. 

Then there exists a strongly continuous increasing map p : [0,1] — > Proj M 
satisfying 

po = 0, pi = 1, ipiipt) = tipi(l), for all t G [0,1], i = 0,...,m. 
Proof. Note that for a fixed t, the projections pij are increasing 

j with t>j/2 l 

in I. We thus set, for each t G [0, 1], 

p t := sup y~] p(j =s-lim } pi.j ePmjM. 

j with t>j/2 l j with t>j/2 l 
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Then as ^'s are normal, this pt satisfies 

Po = 0, pi = 1, fi(p t ) = t(pi(l), for all t G [0, 1], i = 0,...,m. 

Furthermore, pt is an increasing family of projections by definition. As tpo 
is faithful, pt is strongly continuous, since the strong operator topology on the 
unit ball of M is given by the distance (fo{{x — y)*(x — y)) 1 ^ 2 - □ 

Now we prove Proposition 12.31 Recall that the classical theorem of Lya- 
punov [E], [DUi page 264, Corollary 5] states that for finite atomlcss measures 
jUi, )U2, . . . , ji n on a measure space X, the set 

Hi{E), . . . ,fi n (E)) | E C X is measurable.} 

is convex in M™. 

Proof of Proposition [2751 Let B be an abelian diffuse von Neumann subal- 
gebra of M. 

Let rji = Reipi, & = Im^: and m = T]i l+ - & = - be the 
Jordan decompositions. Note that ?7i,+ (l) = ^,-(1), &,+ (l) = &,-(!)• Let </? be 
a faithful normal state on M . For the restrictions of the positive normal linear 
functionals 

on the abelian diffuse subalgebra B, where j = f,...,fc and i — I,..., I, 
the Lyapunov theorem applied to the midpoint of the segment between the 
points (</>(l), <^i(l), • • •)&,-(!)) and (<^(0), yi(0), . . . ,&,-(0)), which is the point 
(0, . . . , 0), we can find a projection p\ t \ in B such that we have 

<P(Pi,i) = 2' <Pj(Pi>i) = 
J/i,+ (Pi,i) = T^+W = 2 7 ? i -( 1 ) = %-(Pi,i)' 

6,+ (Pi,i) = = = 6,-(Pi,i). 

We set pi,2 = 1 — Pi,i and apply the same procedure for pi iMpi i and Pi,2-^Pi,2 
with pi.iBpi^i and P1.2-BP1.2, respectively. Then by induction and Lemma 12.41 
we obtain a strongly continuous increasing map p : [0, 1] — >■ ProjM satisfying 
po = 0,pi = 1 and 

ip(p t ) = t, ipj{p t ) = t(pj(l), 

Vh+(pt) = = %-(!) = Vi-(Pt), 

€i,+ (pt) = t&,+(l) = = &,-(Pt), 

for all t G [0, 1], i = 1, . . . , I and j = 1, . . . , k. 
From this, we have 

ipi(pt)=0, i = l,...,l, 
and we are done. □ 
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Now we use the proposition to construct appropriate matrix units. We first 
note the following fact. 

Lemma 2.5 Let M be a a -finite diffuse von Neumann algebra, fa fa, . . . , fa be 
a-weakly continuous linear junctionals on M , and v a partial isometry in M 
satisfying 

fa(v) = 0, i = l,...,l. 
(Here I can be 0.) Then there exists a partial isometry v in M satisfying 

fa(v) = 0, i = l,...,/, 

fav) = 0, 
— * — * 

V V — V V, 
* * 

vv — vv . 

Proof. We claim there exists a projection p in M satisfying p < v*v and 

fa(vp) = 0, i = l,..., I, 

and 

\fa[vp)\ = \ip(v(l -p))\ . 

Let e := v*v. Then fa := fa(v ■ )\ Me , ■ ■ ■ , fa ■= fa(v ■ )\m b an d i> '■= 
fa[v ■ )|m c are a- weakly continuous linear functionals on M e satisfying 

fa(e) = fa(ve) = fa(v) = 0, i = 1, . . . , I. 

By Proposition 12. 31 there exists a strongly continuous increasing map p : 
[0,1] — > Proj M e satisfying p = 0, p\ — e and 

fa(vp t ) = faipt) = 0, i = l,...,l. 

As F(t) := \ fa[vp t )\ — \ fa[v{l — Pt))\ is continuous and we have -F(O) = — IV'^)!) 
.F(l) = IV'(^)I) there exists t G [0,1] with \fa[vp t )\ = \fa[v{l — Pt))\- Hence 
p := pt satisfies the requirement of the claim. 
For this p, there exists 9 € [0, 27r) with 

favp) + e i9 fav(l -p)) = 0. 

Define 

v := vp + e l6 v(l - p) e M. 

Then we have 

— * — * * * 

V V = V V, vv — vv , 

and 

fa(v) = ip(v) = 0, i = l,...,l. 

□ 
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We now start constructing appropriate matrix units by induction both on 
the number of normal states and the size of matrix units. 

Lemma 2.6 Let M be a factor of type III with separable predual, and tpi , . . . , cpk 
normal states on M . Let to 6 N and p a faithful state on M m (C) with density 
matrix D p = ^2 i=1 \ifu, where {fij}f t j—i is a standard system of matrix units 
in M m (C). Suppose that there exist mutually orthogonal nonzero projections 
en, . . . , e rnm in M with Y^L^ en — 1 and for some 1 < I < m, there exists a set 
of partial isometries {u»i}i=i j in M satisfying the following identities. 

fn(eu) = Xi, i = l,..., to, n = l, ...,k, 
ip n (uiiUji) — SijXi, i,j = l, ...,/, n=l,...,k, 
u\ x ua = en, uau\ x = en, i = l,...,l. 

Then there exists a partial isometry uj+i i in M such that the above equations 
hold for i,j = l,...,l + l and n = 1, . . . , k. 

Proof. Consider the following statement for h = 1, . . . , k and r = 1, . . . , I. 

(B/j, r ): There exists a partial isometry v in M such that v*v = en, vv* = 
e ;+i,2+i, an d we have f(v) — for all (p in 

Wn( ■ Uji) | j = 1, ...,r - 1, n= l,...,k} U {ip n ( ■ u* x ) \n = l,...,h}. 

What we have to prove is (B^). We prove this by induction first on h and 
next on r. 

First, as M is a factor of type III, nonzero projections en and ej+i^+i are 
equivalent, i.e., there exists a partial isometry v in M such that en = v*v, 
P4+1.1+1 = vv*. Applying Lemma 12.51 with / = Q to v and ifi( ■ 11*1), there exists 
a partial isometry v satisfying = 0, v*v — v*v — en and vv* = vv* — 

Hence (B^i) is true. 

Assume that (B^ r ) is true for h < k, r < I or h = k, r < I and let v be 
the partial isometry in M given by (B^ jT ,). Let ip := Ph+i{ 1 u* rl ) if h < k, and 
ijj := ipi( ■ u* +1 x ) if h = k. Applying Lemma 12.51 to this ip, v and cr-weakly 
continuous linear functionals 

{ip n ( ■ u* 3l ) \j = l,...,r- 1, n = U {ip n ( ■ u* rl ) I n = l,...,h}, 

we obtain a partial isometry v satisfying v*v = v*v = en, vv* = vv* = e;+i,/+i, 
ip(v) = and (p(v) = for all <p in the above set. 

Hence (B; l+ i, r ) holds if h < k, and (Bfc jr+ i) holds if h = k and r < I. We 
thus have (B^;) as desired. □ 



We are now ready to prove Theorem 12. II 



6 



Proof of Theorem 12.11 First we consider the case A = M m (C). We choose 
a system of matrix units {wij}i,j=i,...,m of A = M m (C) which diagonalizes the 
density matrix D p of p, i.e., D p = Y^iLi ^i v a- As P i s faithful, we have A.; > 
for all i. We claim that there exist a system of matrix units {eij}i,j=i,...,m m 
M satisfying 

<Pn(eij) = SijXi, n = l,...,k, i,j = l,...,m. (1) 

To see this, first, from Proposition ^ . 31 (wtih I = 0), we have mutually orthogonal 
projections en, . . . , e mm in M satisfying J2iLi e a = 1 an d 

Vn(e«) = Ai, n = l,...,fc, i = l,...,m. 

As Ai > 0, each en is a nonzero projection. We consider the following statement 
for r = 1, . . . , m. 

(A r ): There exists partial isometries {itii}[ = i satisfying u^un — en, Unu^ = 
en and ^(MiiM^) = <5yAj, for all n. = 1, . . . , k and i, j = 1, . . . , r. 

The statement (Ai) is trivial, as we can set uu :— en. The fact that that 
(A r ) for r < m implies (A r +i) is Lemma [2?6l Hence we obtain (A m ). 

Set eij :— unu^ x . Then the system {e^} give matrix units satisfying (p}. 

Define 

7T : M m (C) -)■ M, n(vij) = eij. 

Then it gives a unital homomorphism satisfying the desired condition. 

For the general case A ~ ®fc =1 M„ fc (C), let m = 2fe=i n fc- Let p be a faithful 
extension of p to M m (C). Applying the above result to M m (C) and p, there 
exists a unital homomorphism 7r : M m (C) — > M such that 

ip n o 7r = p, n — 1, . . . , k. 

The restriction it := 7r|yi gives a unital homomorphism from A to M satisfying 
ip n o 7r = p, for n = 1, . . . , k. □ 



Next we prove Corollary 12.21 

Proof of Corollary 12.21 Let p be the unit of A. Considering A © C(l — p) 
instead of A, we may assume that A contains the unit of M from the beginning. 

First we consider the case A ~ M m (C), m 6 N. Let {fij}i,j=i,..., m , { w »j'}»j'=i.— v 
be systems of matrix units of ^4 and M m (C), respectively. Let 7 : M m (C) — > A 
be an isomorphism given by 7(«iy) = /y. 

Then p := W07 is a faithful state on M m (C). From Theorem l2.11 there exists 
a unital homomorphism n : M m (C) — > M such that tp n o tt = p, n = 1, . . . , fc. 
The algebras A and 7r(M m (C)) are subalgebras of M isomorphic to M m (C) 
with complete sets of matrix units {/y} and {7i"(fij)}- As in [HM[ Lemma 
2.1], if w G M is a partial isometry with v*v — 7r(i>n) and vv* — /n, then 



7 



u := Y^iLi 7T ( v n) v * fu is a unitary in M satisfying ufijU* = n(vij). Hence we 
have 

(p n o Adu(fij) = tp n (n(vij)) = p{vij) = ijj o j( Vij ) = uj(fij), 
i.e., (fin o Ad u\a = i*)\a for n = 1, . . . , k. 

For the general case A ~ ©f =1 M ni (C), let {/^}»j=i,...,ni be a system of 
matrix units of M ni (C) for each I — 1, ... ,b. As M is of type III, for all I = 
1, . . . , b, the nonzero projections f[]} and arc mutually equivalent. Hence, 
there exist partial isometries G M such that uW* w (0 = and yW w (0* = 

/&>. Set «7 (fcli )(,j) := /A fc) w (fc) *« (,) /§, for fc.i = 1.....6, * = l,...,n fc) and 
j = 1, . . . , n\. Then we have 

= Su<5 jj ,f^v^ v (i) f W v (i)\( k yW 

E»(M(*.o = E/^ (fc)Vfc) ^ ) = E^ ) = 1 - 

(fe,i) t,fc (fe,i) 

Hence {^(fc,i)(j,j)}(k,»),(j,j) give a system of matrix units of a C*-subalgebra 

B of M isomorphic to M m , for m := YX=i n k- As w (ki){kj) = fa fij = fij \ 

{ w (k.i)(i.j)} is an extension of {f-^} and A is a subalgebra of B. We apply 
the above argument to B ~ M m (C) and obtain a unitary u in M such that 
t^i o Adu|s = In particular, we obtain ipi o Adu^ = for i = 1, . . . , k. 

□ 



The above theorem can be extended to the compact operators as follows. 

Theorem 2.7 Let K(H) denote the set of all the compact operators on a sep- 
arable Hilbert space H. Let p be a faithful state on K(H). Let M be a factor of 
type III with separable predual, ipi, if2, . . . , ifk normal states on M . Then there 
exists a homomorphism ir of R^H) into M such that 

tfn O 7T = p, n=l,...,k. 

Proof. We may assume that H is infinite dimensional, and ipi is faithful, e.g. 
by adding a faithful state to the set of ifi's. 

Let {vij} be a system of matrix units of K{%) diagonalizing the density 
matrix D p of p, i.e., D p — ^i v u- As P IS faithful, we have Xi > for all i. 

We claim that there exists a system of matrix units {&ij}i,jeN m M satisfying 

<Pn{eij) = SijXi, n=l,...,k, i,j = l,.... (2) 
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To see this, first, from Proposition [531 we have mutually orthogonal projec- 
tions en, e22, • • • in M such that 

<f n (eu)=Xi, n = l,...,k, i = l,...,. 

From the construction, we see Yl'frLi e U = 1- 

We consider the statements (A r ) in the proof of Theorcm l 2 . 1 1 for r = 1,2,.... 
As in the proof of the latter Theorem, (A m ) is true for all mel. Set e.y := 
Ui\u*ji for i,j = 1,2, . . .. Then {e,j} is a system of matrix units satisfying @. 
There exists a homomorphism ir : K(%) — > M with 7r(t>y) = e^. This 7r satisfies 
y„ o 7r = p for n = 1, . . . , k. □ 



3 Factors of type Hi 

The analogue of Theorem 12.11 for scmifinite factors is false. For example, if M 
is of type IT with trace r and p is not a trace on A, then the conclusion of 
Theorem 12. II for tpi = r is clearly false. However, if we restrict the choice of ui 
in Corollary |2.21 we obtain a positive result. 

Theorem 3.1 Let tp±, . . . , <£>/. be normal states on a factor M of type II\ with 
the unique trace r. Let A be a C* -subalgebra of M isomorphic to M m (C) with 
lei. Then there exists a unitary operator u £ M satisfying ipi o Adit^ = t\a 
for i = 1, . . . , k. 

We first prove a lemma. 

Lemma 3.2 Let M be a factor of type 11%, and ipx, ■ . ■ , ifk normal states on M , 
where ipi = t is the unique trace. Suppose that there exist mutually orthogonal 
nonzero projections en, . . . , e mm in M with Y]"L-i en = 1 and for some 1 < I < 
m, there exists a set of partial isometries {wii}i=i,...,z in M satisfying 

<Pn(eu) = —, i=l,...,m, n = l,...,k, 
m 

<Pn(uuU%) = Sij— , i,j = l,...,l, n = l,...,k, 

J m 

u *i u n = en, Uii"*! = en, i = l,...,l. 

Then there exists a partial isometry in M such that the above equations 

hold for i,j = l,...,l-\-l and n = 1, . . . , k. 

Proof. Consider the following statement for h = 1, . . . , k and r = 1, . . . , I. 
(B/j r ): There exists a partial isometry v in M satisfying v*v — en, vv* = 
and ip(v) = for all ip in 

{ip n ( ■ u* jX ) | j = 1, ...,r - 1, n = !,...,&} U {ip n ( ■ u* rl ) \ n = 1, ...,h}. 
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First, as M is of type Hi and r(en) = r(e; + i.; + i) = 1/m, en and e/+i,;+i are 
equivalent, i.e., there exists a partial isometry v in M with en = k*i>, e/ + i,i+i = 
ut>*. Applying Lemma 12.51 with I — to u and ■ u n ), there exists a partial 
isometry w with (pi(wu n ) = and v*v = v*v = en, vv* = vv* = e/+i j+i. 
Hence (Bi,i) is true. 

Assume that (Bh,r) is true for h < k, r < I or h — k, r < I and let v be 
the partial isometry in M given by (Bh, r )- Let -0 := ■ lf*i) if /i < fc, and 

xp := ip±( ■ x ) if /i = fe. Applying Lcmma l2.5l to this ip, v and the a- weakly 
continuous linear functionals 

{fn{ ■ u*^) | j = l,...,r- 1, ?i = l,...,fc} U {</?„( • I n= l,...,h}, 

we obtain a partial isometry v satisfying v*v — v*v = en, vv* = vv* = ej+i j+i, 
?/>(«) = and = for all ip in the above set. 

Hence (B/ l+ i r ) holds if h < k, and (Bi ,. + i) holds if h = k and r < I. Hence 
(Bfc^), which gives the claim of the Lemma, holds. □ 



Now we give a proof of Theorem 13.11 

Proof of Theorem 13. li We may assume that (p% = r is the unique trace on 
M. 

We claim that there exists a system of matrix units {s^i j = i m in M such 
that 

Vn(eij) = Sij — , n = l,...,k, i,j = l,...,m. (3) 

To see this, first, from Proposition [531 we have mutually orthogonal projec- 
tions en, . . . , e mm in M such that Y^L-i en = 1 and 

tfinieu) = — , n = l,...,k, i = l,...,m. 
m 

We consider the following statement for r = 1, . . . , m. 

(A r ): There exist partial isometries {un} r i=1 satisfying u*-yUn = en, Ujiu*j = 
en and (^(liiiit*-^ = Sij /m for all n = 1, . . . , k and i, j = 1, . . . , r. 

The statement (Ai) is trivial, as we can set tin := en. Lemma 13.21 gives 
that (A r ) for r < m implies (A r+1 ). Hence we obtain (A m ). 

Set eij := Unu*^. Then {e^} is a system of matrix units satisfying ([3]). 

We denote by B the C*-subalgebra of M isomorphic to M m (C) generated 
by {e^}. Let {fij}i,j=i,..., m be a system of matrix units for A. As fa ~ /jj 
for i,j = l,...,m and 1 = J2iLi /«> we nave T (/n) = t (/m) = l / m - On 
the other hand, we have r{en) = l/m for i = 1, . . . , m. As M is a factor of 
type Hi, this means /,j ~ ejj for all i,j = l,...,m. Furthermore, we have 
1 = Eti e « = S"=i fa- As m [HM1 Lemma 2.1], if v € M is a partial isometry 
with v*v — fn and uu* = en, then u :— X)"=i e n v fu is a unitary operator in 
M satisfying u* fijU = &y. Hence we have 

ip n o Adu(fij) = ip n {eij) = S i:j — = r(fij). 
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i.e., ip n o Ad u\a = t\a for n — 1, . . . , k. 



□ 



Acknowledgements. Y.K. thanks the CMTP in Rome and Y.O. thanks University 
of Oregon and University of Oslo for hospitality during their stays when parts of this 
work were done. Y.O. is grateful to N. Christopher Phillips for helpful discussions and 
E.S. to S. Neshveyev. 

References 

[AH] H. Ando, U. Haagerup: Ultraproducts of von Neumann algebras.; 
larXiv:1212. 54571 

[CS] A. Connes, E. St0rmer: Homogeneity of the state space of factors of 
type Ilh, J. Funct. Anal. 28, 187-196, (1978). 

[DU] J. Diestel, J. J. Uhl, Jr.: Vector measures. Mathematical Surveys, 15, 
Amer. Math. Soc, Providence, R.I., (1977). 

[HM] U. Haagerup, M. Musat: Factorization and dilation problems for com- 
pletely positive maps on von Neumann algebras, arXiv:1009.0778 

[KOS] A. Kishimoto, N. Ozawa, S. Sakai: Homogeneity of the pure state space 
of a separable C* -algebra, Canad. Math. Bull. 46, 365-372, (2003). 

[L] A. Liapounoff: Sur les fonctions-vecteurs completement additives, Bull. 
Acad. Sci. URSS. Ser. Math. 4, 465-478, (1940). 



11 



